This paper presents a homogenization-based theory for three-dimensional anisotropic beams. The proposed beam theory uses a hierarchy of solutions to carefully-chosen beam problems that are referred to as the fundamental states. The stress and strain distribution in the beam is expressed as a linear combination of the fundamental state solutions and stress and strain residuals that capture the parts of the solution not accounted for by the fundamental states. This decomposition plays an important role in the homogenization process and provides a consistent method to reconstruct the stress and strain distribution in the beam in a post-processing calculation. A finite-element method is presented to calculate the fundamental state solutions. Results are presented demonstrating that the stress and strain reconstruction achieves accuracy comparable with full three-dimensional finite element computations, away from the ends of the beam. The computational cost of the proposed approach is three orders of magnitude less than the computational cost of full three-dimensional calculations for the cases presented here. For isotropic beams with symmetric cross-sections, the proposed theory takes the form of classical Timoshenko beam theory with Cowper's shear correction factor and additional load-dependent corrections. The proposed approach provides an extension of Timoshenko's beam theory that handles sections with anisotropic construction.
Introduction
Beam theories are developed based on a set of assumptions used to reduce the complex behavior of a slender, three-dimensional body to an equivalent one-dimensional problem. The usefulness of a beam theory is judged by its range of applicability, the accuracy of its results, and the effort required for analysis. In this paper we present a homogenization-based beam theory that takes a form similar to classical Timoshenko beam theory (Timoshenko, 1921 (Timoshenko, , 1922 , but is specifically designed for composite beams.
In our approach, we calibrate the stiffness properties, shear strain correction matrix, and load-dependent corrections within the theory based on a hierarchy of solutions that we call the fundamental states. The fundamental states are accurate sectional stress and strain solutions to a series of carefully-chosen, statically determinate beam problems. Since it is difficult to obtain exact solutions for the fundamental states for an arbitrary section, we formulate a finite-element solution technique to obtain approximate solutions.
This paper is structured as follows: In Section 2 we review some important contributions from the relevant literature. In Section 3 we outline the present theory. In Section 4 we present the finite-element based technique for the determination of the fundamental states. Finally, in Section 5 we present some results from the theory and present comparisons with full three-dimensional approximate solutions obtained using the finite-element method.
Review of relevant contributions
In this section we present a review of various contributions that are most relevant to our proposed beam theory. A comprehensive review of all beam theories is not practical here due to the volume of literature that has been produced on the subject over several decades.
In two influential papers, Timoshenko (1921 Timoshenko ( , 1922 ) developed a beam theory for isotropic beams based on a plane stress assumption. Timoshenko's theory takes into account shear deformation and includes both displacement and rotation variables. In addition, Timoshenko introduced a shear correction factor that modifies the relationship between the shear resultant and the shear strain at the mid-surface. The definition and value of the shear correction factor have been the subject of many papers, some of which are discussed below.
Later, Prescott (1942) derived the equations of vibration for thin rods using average through-thickness displacement and rotation variables. Like Timoshenko, Prescott introduced a shear correction factor to account for the difference between the average shear on a cross-section and the expected quadratic distribution of shear. Cowper (1966) , independently from Prescott, developed a reinterpretation of Timoshenko beam theory based on average through-thickness displacements and rotations. Using these variables and integrating the equilibrium equations through the thickness, Cowper developed an expression for the shear correction factor, which he evaluated using the exact solution to a shear-loaded cantilever beam excluding end effects. Cowper obtained values for the shear coefficient for beams with various cross-sections, but his approach was limited to symmetric sections loaded in the plane of symmetry. Mason and Herrmann (1968) later extended the work of Cowper to include isotropic beams with an arbitrary cross-section. Stephen and Levinson (1979) developed a beam theory along the lines of Cowper's, but recognized that the variation in shear along the length of the beam would lead to a modification of the relationship between bending moment and rotation. Therefore, they introduced a new correction factor to account for this variation, and obtained its value based on solutions to a cantilever beam subject to a constant body force given by Love (1920) .
More recently, Hutchinson (2001) introduced a new Timoshenko beam formulation and computed the shear correction factor for various cross-sections based on a compar-2
• The strain moment correction matrix that corrects the strain predicted from the displacement moments.
• The use of load-dependent strain and stress moment corrections that modify the relationship between stress and strain moments in the presence of externally applied loads, as derived for plane stress problems by Kennedy et al. (2011) .
Hansen and Almeida (2001) and Hansen et al. (2005) developed a theory with these same ideas for laminated and sandwich beams, using a plane stress assumption. An extension of this theory to the analysis of plates was presented by Guiamatsia and Hansen (2004) and Guiamatsia (2010) .
These features of the present theory allow us to address several issues commonly encountered in conventional beam theories. The proposed theory contains a self-consistent method to obtain the equivalent stiffness of the beam and any correction factors required. In addition, all results from the theory, including the predicted strain moments, can easily be compared with three-dimensional results. This is due to the fact that all components of the theory rely on an averaging process that is well-defined for a beam of any construction, which is not always the case with conventional beam theories. These properties, in addition to the relatively inexpensive cost of analysis, make the proposed theory a powerful technique for analysis and design.
The homogenization-based beam theory
We present the theoretical development of the homogenization-based beam theory in this section. We start with a description of the geometry of the beam under consideration. Next, we develop a kinematic description of the beam using averaged displacement and rotation-type variables, based on the work of Prescott (1942) and Cowper (1966) . We then introduce the fundamental states and use the properties of these solutions to develop expressions for the homogenized stiffness, stress and strain moment correction matrices, and load-dependent corrections. We conclude with a discussion of the benefits of the present approach.
The geometry of the beam under consideration is illustrated in Figure 1 . The beam is aligned with the x-axis and the geometry and construction of the cross-section do not vary along the length of the beam. In this paper, we are primarily interested in layered composite beams with arbitrarily oriented plies. This type of beam construction results in an anisotropic constitutive relationship that exhibits coupling amongst all stress and strain components. The constitutive equation is expressed as
where σ(x, y, z) and (x, y, z) are the full states of stress and strain, and C(y, z) is the constitutive relationship. The beam of length L is subject to distributed surface tractions applied in the plane perpendicular to the x-axis and is subject to axial forces, bending moments, shear forces and torques at its ends. Shearing tractions applied on the surface of the beam in the x direction are excluded from consideration.
The reference axis is located at the geometric centroid of the section and the coordinate axes are aligned with the principal axes of the section. As a result, the moments of 5 area are defined as follows:
The restriction to principal coordinate axes simplifies many of the expressions that are required below.
The displacement representation
Following the work of Prescott (1942) and Cowper (1966) , the exact displacement field can be expressed in terms of an average representation of the displacement field and residual displacements. The residual displacements capture the part of the displacement field that deviates from the average representation. This decomposition of the displacement field is expressed as
where u(x, y, z), andũ(x, y, z) = ũṽw T are the displacements and residual displacements, respectively. The x-component of the residual displacementũ(x, y, z) represents the warping of the section in the axial direction. For convenience, we collect the variables, u 0 , v 0 , θ, u z and u y in a vector u 0 (x), defined as follows:
Here, u 0 , v 0 , and w 0 are average displacements in the x, y and z directions. The terms u z , u y and θ are normalized first-order displacement moments about the z, y and x directions, respectively. Note that u z , u y and θ represent rotation-type variables, but are not equal to the average rotations of the section. We refer to the vector of variables u 0 (x) as the normalized displacement moments, since these variables represent zeroth and firstorder normalized moments of the displacement field u(x, y, z). In Equation (3), we have also introduced an operator L 0 that takes the full three-dimensional displacement field, u(x, y, z), and returns the normalized moments of displacement. Note that the action of this operator removes the y-z dependence of the displacement field. At this point it should be emphasized that the displacement field decomposition (2) ensures that the normalized displacement moments of the residual displacement field are identically zero, i.e., L 0ũ (x, y, z) = 0.
This property of the residual displacement field will be required later to simplify expressions for the strain moments. The strain produced by the displacements (2) is:
where the comma convention has been used to denote differentiation. Note that the exact pointwise strain distribution requires knowledge of the residual displacementsũ(x, y, z). Instead of using the pointwise strain directly in our theory, we choose to use moments of the strain distribution. This choice has the advantage that the strain moments are defined regardless of the through-thickness behavior of the pointwise strain, even when certain pointwise strain components are discontinuous at material interfaces. It is im-portant to recognize that these interfaces are always parallel to the x direction. As a result, differentiation with respect to x can commute with integration across the section in the regular manner.
The strain moments are defined as follows:
e(x) = e x κ z κ y e t e xz e xy
Here we have introduced another operator L s that takes the full strain field (x, y, z) and returns the moments of strain e(x). The next step in the development of the theory is to express the strain moments in terms of the displacement representation (2). Using the strain-displacement relationships (4), the definitions of the displacement moments (3), and the moments of area, the strain moments can be written as follows:
whereẽ(x) are the moments of the strain produced by the residual displacement. Here A is a diagonal matrix given by
The operator L takes the vector of average displacements and normalized displacement moments u 0 (x), such that AL u 0 produces the first term on the right hand side of Equation (6). Note that action of the operator L on the normalized displacements, L u 0 (x), produces terms that are identical in form to the center-line strain used in classical Timoshenko beam theory. However, the variables u 0 (x) are interpreted here as normalized displacement moments taken from Equation (3), not as center-line displacements and rotations. The termẽ(x) in the strain moment expression (6), is a function of the axial residual displacementũ(x, y, z) and is defined as follows:
8 where the relationship L 0ũ = 0 is used to simplify the expression on the right-hand side of the above equation. We have also introduced a linear operatorL that takes the residual axial displacementũ(x, y, z) and returns the momentsẽ(x). The strain moments corresponding to torsion e t and shear e xz and e xy involve terms from both the normalized displacement moments and the residual axial displacement, u(x, y, z). These extra terms cannot be evaluated unlessũ(x, y, z) is known. Our approach is to account for the effect of the residual displacements while formulating the theory in terms of the average displacement variables, u 0 (x). The details of this approach are outlined in the following sections.
The equilibrium equations
The equilibrium equations are formulated based on the classical approach of integrating moments of the three-dimensional equilibrium equations over the cross-section of the beam. The axial, bending, torsion and shear resultants are defined as follows,
Here, L s is the same operator that was introduced for the strain moments (5). We refer to the variables s(x) as the stress resultants (also known as stress moments). Integrating moments of the three-dimensional equilibrium equations over the section results in the following equilibrium equations:
The torque P x (x) and forces P y (x) and P z (x) are defined as follows:
where t y and t z are the y and z components of the surface traction. The integrals above are carried out over the boundary of the cross-section S.
The fundamental states
In this section we present a decomposition of the stress and strain distribution within the beam. This stress and strain decomposition is based on a linear combination ofaxially-invariant stress and strain solutions that we call the fundamental states. The use of the fundamental states leads to a consistent method for deriving the constitutive relationship between the stress resultants and the strain moments. Furthermore, the fundamental states can be used to reconstruct the approximate stress and strain distribution in the beam in a post-processing step. Our representation of the solution is similar to the stress representation presented by Simmonds (1998) and used by El Fatmi (2007a,b) , however, unlike these authors, we also use an analogous representation of the strain solution that is later used to construct the homogenized stiffness relationship. In this section we describe the properties of the fundamental states and how they are used in the present theory.
Primary fundamental states
Stress resultants
Load-dependent fundamental state The fundamental states are the axially-invariant, or x-independent, stress and strain solutions. These solutions are obtained from specially-chosen, statically determinate beam problems. The loading conditions leading to the fundamental states are shown in Figure 2 . These beam problems are sometimes referred to as the Saint-Venant prob-lem (Ieşan, 1986a) , for axial, bending, torsion, and shear loads, and the Almansi-Michell problem (Ieşan, 1986b) , for a beam subject to a distributed surface load. The beam used to calculate the fundamental states has the same cross-section and construction as the beam under consideration, but must be long enough that the end effects do not alter the solution at the mid-plane of the beam. The fundamental states are extracted from these solutions by taking the distribution of stress and strain at the mid-plane of the beam. As a result, the fundamental state stress and strain distributions are solutions in the y-z and have no x-dependence.
We distinguish between two types of fundamental state solutions: primary fundamental states, which we label σ LF (y, z). The six primary fundamental states correspond to axial resultant, bending moments about the y and z axes, torsion, and shear in the z and y directions, respectively. The load-dependent fundamental states are associated with loads applied to the beam. The fundamental states are used here to form an approximation of the stress and strain field within the beam. To complete the stress and strain representation, we also introduce stress and strain residuals,σ(x, y, z) and (x, y, z) , that account for the discrepancy between the approximate stress and strain representation and the exact distribution.
Using these definitions, the stress and strain in the beam may be expressed as follows:
The magnitudes of the primary fundamental states are given by the components of the vector s(x) and represent axial force, bending moments, torsion, and shear resultants. Individual components of s(x) are written as s k (x). The magnitudes of the load-dependent fundamental states P k (x) are known from the loading conditions. The fundamental state magnitudes link the stress and strain distribution. For consistency between the stress resultants and the stress distribution, the primary fundamental states must satisfy the relationship,
where i k is the k-th Cartesian basis vector. This relationship ensures that the stress resultants of the stress distribution (11a) are equal to s k (x). Furthermore, the loaddependent fundamental states must satisfy
The load-dependent fundamental states do not contribute to the stress resultants. In addition, the stress moments of the stress residuals must be zero, i.e.,
An important benefit of the stress and strain distributions (11) is that they can capture all components of stress and strain. Typically, beam theories retain only a few components of the stress and strain and assume that the remaining components are negligible. These neglected components can sometimes be determined using a postprocessing integration of the equilibrium equations through the thickness. For composite materials, however, it can be important to retain all components of stress and strain, since singularities can arise at ply interfaces and both strength and stiffness vary significantly between material directions (Pagano and Pipes, 1971) .
The constitutive relationship
With these definitions, we are now prepared to derive the relationship between the stress resultants and the strain moments. To do so, we examine the moments of the strain field (11b). Using the moment operator L s , the strain moments of Equation (11b) become,
Note that the strain moments have contributions from all fundamental states and the strain residuals. Next, we introduce a square flexibility matrix E whose k-th column contains the strain moments from the k-th primary fundamental state. The components of the matrix E are:
where E * k is the k-th column of the matrix E. Note that the matrix E is constant for a given beam construction and is independent of x. The contributions to the strain moments from the primary fundamental states are the product of the matrix E and the primary fundamental state magnitudes s(x). Rearranging the strain moment relationship (14) and using the flexibility matrix E yields
The stiffness form of the constitutive relationship can be found by inverting the matrix of strain moments
For a section composed of a single isotropic material the relationship between stress and strain moments simplifies to
Equation (17) is exact in the sense that the stress moments can be determined exactly if the strain moments, load-dependent strain moments and strain residuals˜ (x, y, z) are 12 known. Unfortunately, evaluating the strain residuals˜ (x, y, z) requires a full threedimensional solution of the equations of elasticity. At this point, an assumption must be made about the contribution to the strain moments from the term L s˜ . Since three-dimensional solutions are typically not available, we assume that the contribution from term L s˜ is small and can thus be neglected. This assumption introduces an error in the predicted strain moments, and as a result, also introduces an error in the predicted stress resultants. Typically, the magnitude of L s˜ is highest near the ends of the beam where the solution must adjust to satisfy the end conditions. In situations where these disturbed regions require precise modeling, a beam theory is not appropriate. However, at a sufficient distance from the ends of the beam, the strain representation (11b) is accurate and thus L s˜ should be small.
The stress and strain moment corrections
Next, we seek a relationship between strain moments and the normalized displacement moments. We initially limit the analysis to conditions where no external loads are applied to the beam. Starting from the stiffness form of the constitutive equations (17), and assuming that the strain residual moments are negligible L s˜ = 0, the stress moments may be expressed in terms of the normalized displacement moments u 0 (x) and the moments of the warping strainẽ(x) using Equation (6),
To proceed, an expression forẽ(x) must be obtained. Following the arguments presented by Cowper (1966) , we argue that this term should be linearly dependent on the magnitudes of the primary fundamental states in regions sufficiently far removed from end effects or rapidly varying loads. We write this dependence as
whereẼ is a flexibility matrix defined below. Hereẽ r , is a warping residual term that accounts for the deviation of the warping moment in disturbed regions of the beam. We refer toẽ r as the strain correction error. Using the operatorL from Equation (7), the matrixẼ can be written as
is determined from the residual displacement of the k-th primary fundamental state. Note that due to the nature of the operatorL, the matrixẼ only has entries in the last three rows. All other entries inẼ are zero.
An expression for the stress resultants in terms of the normalized displacement moments can be obtained by using the simplified form of the constitutive relationship (18), and the moments of the strain due to warping (19), yielding
In the remainder of this section we assume that the strain correction error is negligible, i.e.,ẽ r = 0.
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In order to isolate the effect of the termsẼ we define the strain moment correction matrix as follows:
such that Equation (21), withẽ r = 0, simplifies to
Here, the strain moment correction matrix (22) provides a correction to the strain moments predicted from the average displacements that accounts forẽ(x). Note that the strain moment correction matrix C s has a specific structure. The first three rows of C s are always equal to the identity matrix, while the last three rows may contain non-zeros in any location due to the definition of the matrixẼ. We also define a stress moment correction matrix as follows:
The stress moment correction matrix (23) provides a correction to the stress moments that accounts forẽ(x). In general, the stress moment correction matrix K s is fully populated.
In the case of a doubly symmetric, isotropic section, the stress and strain corrections matrices are diagonal and equal. In this case, C s and K s take the form
where k t = J/(I y + I z ) is the strain correction associated with torsion, and J is the torsional rigidity of the section. The shear strain correction factors k xz and k xy are identical to those obtained by Cowper (1966) and Mason and Herrmann (1968) ,
where χ z and χ y are classical Saint-Venant flexure functions (Love, 1920) .
The load-dependent corrections
The constitutive relationship (21) derived above explicitly excluded the effect of externally applied loads. At this point, we derive load-dependent corrections that account for the effect of external loads. We start from the flexibility form of the constitutive equations (16), and neglect the moments of the strain residuals, assuming L s˜ = 0. These 14 assumptions result in the following expression for the strain moments:
The next step is to obtain an expression for the strain moments e(x) as a function of the normalized displacement moments u 0 (x). The externally applied loads produce additional moments of the warping strain. In an analogous manner to the primary fundamental state contributions, we assume that these moments of the warping strain are predicted by the load-dependent fundamental states and are proportional to the applied load. These assumptions result in the following expression:
Here,ũ
F L (y, z) denotes the warping function associated with the k-th load-dependent fundamental state andẽ r , is the strain correction error.
Again, assuming thatẽ r = 0, the flexibility form of the constitutive equations (24) and the strain moment expression (25) can now be combined into a constitutive relationship that takes the following form:
where the load-dependent stress moment corrections s
In a similar fashion, it can be shown that the strain moments take the modified form
where the load-dependent strain moment corrections e (k)
The load-dependent stress moment corrections (27) and the load-dependent strain moment corrections (29) take into account the change in the relationship between the stress and strain moments and the normalized displacement moments as a result of externally applied loads. The externally applied loads do not directly produce stress moments; rather, these loads produce strain moments that must be taken into account in the constitutive relationship (26). The main assumptions required for the derivation of the constitutive expression are that the moments of the strain residuals, L s˜ , and the strain moment correction,ẽ r , can be neglected. These assumptions are examined below in the numerical results section.
The asymmetry of the constitutive relationship
In general, the homogenized stiffness matrix D, and the matrix product DC s A are not symmetric. This is not a classical result and deserves attention. Linear constitutive relationships between pointwise stress and pointwise strain expressed in the form of Equation (1) are symmetric due to the existence of the strain energy density. However, the homogenized stiffness matrix D that relates the stress resultants to the strain moments cannot be derived from a strain energy density, since D relates integrated quantities. The integral of the pointwise strain energy density across the section cannot be related directly to the product of the integrals of stress and strain. As a result, D is not guaranteed to be symmetric. The matrix product DC s A that relates the normalized displacement moments to the stress resultants is not symmetric for the same reason. Within the context of a finite-element implementation of the present beam theory, care must be taken to ensure that symmetry of the constitutive relationship is not assumed.
A finite-element method for the determination of the fundamental states
The fundamental states play an important role within the beam theory presented in the previous section. In principle, full three-dimensional solutions for each of the fundamental states are required before any analysis can be performed. It is possible to obtain some exact solutions to the fundamental states, as shown in Kennedy et al. (2011) . However, we anticipate that it is only possible to obtain these exact solutions for a small set of geometries and beam constructions of interest. In order to solve more general problems, we have develop a finite-element method for the determination of the fundamental states for cross-sections of arbitrary geometry and construction.
It is possible to use conventional three-dimensional finite-elements to obtain the fundamental state solutions; however, this approach is computationally expensive due to the large, three-dimensional mesh requirements. Instead, we develop a technique that only requires computations in the plane of the section, eliminating the need to discretize the axial direction. This approach is possible due to the fact that the fundamental states are far-field solutions.
In developing the following finite-element method, we follow the work of Pipes and Pagano (1970) , who used a semi-inverse approach to obtain the stress and strain distributions in a long beam subject to an axial load. We modify the form of the assumed displacement field proposed by Pipes and Pagano (1970) , but retain the terms that account for the effects of axial force, bending, shear, and torsion. El Fatmi and Zenzri (2002) developed a similar technique to obtain the Saint-Venant and Almansi-Michell solutions based on the work of Ladevéze and Simmonds (1998) . Dong et al. (2001) developed a finite-element solution technique for the Saint-Venant problem based on the work of Ieşan (1986a) .
In the following section, all variables refer to a single fundamental state calculation. Relationships with the beam theory are described explicitly in Section 4.2. In this finiteelement approach, we develop a displacement-based solution to the three-dimensional equations of elasticity based on the following expansion of the displacement field in the axial direction:
where the displacements
and are only functions of y and z. The terms c
are constant across the section, and we refer to these as the invariants. It is convenient to collect c
T . The number of terms M , retained in the expansion is discussed in more detail below. Pipes and Pagano (1970) used a similar form of Equation (30) with M = 1 to determine the stresses in the vicinity of the free edge of a laminated composite beam subjected to an axial force. As we demonstrate below, the displacement field above can also be used to predict the stress and strain fields due to bending, torsion, shear, and applied loads.
When M > 1, the representation of the displacement field (30) is not unique. The invariants c
define displacements that can be represented by U (k+1) , V (k+1) and W (k+1) . Furthermore, displacement boundary conditions must be imposed on the displacement field (30) to remove rigid body translation and rotation modes. In order to handle both of these issues, we impose the constraint
where L 0 is the operator defined in (3). This constraint removes the rigid body translation and rotation modes for k = 1, and ensures that the displacements are uniquely defined for k > 1. A different method for imposing the boundary conditions could be applied, but we have found that Equation (31) simplifies later results in relation to the beam theory. The strain produced by the displacement field (30) is most clearly expressed in the form,
where (k) (y, z) is a strain distribution in the y-z plane. In Equation (32), the coefficient
with
From the expression for the strain (32), it is clear that the stresses in the beam take the form
Using this polynomial expansion for the stresses, the three-dimensional equilibrium equations are σ
with σ (M +1) = 0. These are the same equations used by Love (1920) for the solution of a tip-loaded cantilever, and a beam subject to gravity load. Here, the next highest-order terms in the expansion appear as body forces for the current equilibrium equations. For the k-th coefficient, the body force is equivalent to
Using the expressions for the strain (33) in conjunction with the constitutive relationship (1) and the equilibrium equations (35) results in 3M partial differential equations for the displacements U (k) . The next task is to determine equations that can be used to determine the values of c (k) . At this point, we use the property that the fundamental states are statically determinate. As a result, the moment equilibrium equations (9) can be integrated to obtain the stress moment distribution in the beam. Furthermore, we limit the load-dependent fundamental states to loads that are polynomials in the x direction. (Note that this restriction applies to the integrated pressure loads (10), but does not apply to the distribution of the tractions across the section.) With this additional assumption, it is always possible to obtain a solution for the stress moments in the form of a polynomial,
where
is the k-th coefficient in the polynomial. Clearly, the value of M must be chosen such that M − 1 is equal to the degree of the polynomial stress-moment distribution (36). The primary fundamental states corresponding to axial force, torsion and bending moments can be determined with M = 1. The primary fundamental states corresponding to shear require a solution with M = 2 corresponding to a linearly varying bending moment and constant shear. The load-dependent fundamental state corresponding to a distributed surface loads requires M = 3, with a quadratically varying bending moment and linearly varying shear.
For the moments of the stress expansion (34) to match the coefficients of the stress moment polynomial (36), we impose the additional constraint,
These constraints represent an additional 6M equations that are used to determine c (k) . To summarize, there are 3M , U (k) (y, z) coefficients defined in the y-z plane, and an additional 6M constants c (k) that are required in the displacement field (30). These variables can be determined from the 6M moment constraints (37) and the 3M equilibrium equations (35) used in conjunction with the strain expressions (33) and the constitutive relationship (1).
It is important to note that this system of equations can be solved in a sequential fashion. The coefficients of the highest order k = M , U (M ) , and c (M ) , are independent of the lower order coefficients k < M . The k = M terms couple with the next terms,
, and c (M −1) , through the equivalent body-force terms in the equilibrium equations (35). This sequential process continues until all the coefficients, U (k) , and c (k) , have been determined. This same solution technique was used by Love (1920) for isotropic beams.
Finite-element implementation
We use a straightforward finite-element implementation of the above equations. This implementation shares many similarities with the approach of Dong et al. (2001) . Here we pose our problem in terms of the displacement of the beam under the action of a prescribed load. Dong et al. (2001) seeks a solution in two steps: first obtaining the distribution of the warping displacements for axial, bending, torsion, and shear, then obtaining the amplitudes of the Saint-Venant solution in a second calculation. Here we employ conventional isoparametric displacement-based elements with bi-cubic Lagrangian shape functions in the plane for the 3M displacement field components U (k) (y, z), k = 1, . . . , M .
We write the nodal displacements of U (k) (y, z) in the vector d (k) . It can be shown that the constraints on the stress moments (37) arise naturally using the principle of stationary total potential energy. We impose the unconventional displacement boundary conditions (31) by adding Lagrange multipliers and employ a Gauss quadrature approximation of the constraint (31). The discrete form of the displacement constraint is written as
where L 0 is the discrete analogue of L 0 . We denote the Lagrange multipliers associated with the displacement constraints as λ (k) .
The discrete approximation of the k-th coefficient of the strain expansion (33) is written as
where B, B c and B u take the nodal k-th displacements, k-th invariants and k + 1-th displacement and produce the pointwise strain. Here, the subscript e has been used to denote the element displacements from the vector d (k) . The matrices B and B u are defined as follows:
where N i are the shape functions, and the comma notation has been used for differentiation. The pattern in the matrices B and B u , repeats itself for each node. The matrix B c is given by For convenience, we introduce the element matrices in a block matrix form as follows:
where Ω e is the element domain. The element matrices are denoted with a superscript e. The superscript e is omitted for the assembled form of the matrix. The assembled finite-element equations are:
Care must be exercised when solving equation (39), since the matrix K dd is singular. This is due to the fact that no conventional Dirichlet boundary conditions are applied to K dd . However, the final row of the system of equations (39) imposes a constraint that removes this singularity. The two terms on the right hand side of Equation (39) are
20 where terms with superscripts greater than M are zero. The term f s is the surface traction contribution to the right hand side and f c is the right hand side for the invariants. The force vector, f
b , represents a body force associated with the k + 1-th fundamental state, defined as follows:
Note that the left hand side of Equation (39) is the same for each coefficient k. Therefore, only the right hand sides (40) needs to be recomputed in each subsequent solution.
Relation to beam theory
In this section we outline the connection between the finite-element approach described above and the proposed beam theory.
The computations outlined above are performed for each fundamental state. First, the polynomial stress resultant coefficients from Equation (36) are determined. These polynomials are summarized for each of the fundamental states in Figure 2 . Next, the unknowns d (k) and c (k) , k = 1 . . . M , are determined using Equation (39). The fundamental state stress and strain solutions are the lowest-order terms of the polynomial expressions for the stress in Equations (34) and (32), respectively. Therefore, the fundamental states are σ
(1)(y,z) and (1) (y, z) in the y-z plane. With this definition, the strain moments of the fundamental state can be computed using
where L s is a discrete analogue of the operator L s computed using Gaussian quadrature. The strain moments are required to compute the flexibility matrix E (15) and for components of the stress and strain moment corrections in Equations (27) and (29), respectively. Another key quantity required for the beam theory is the axial warpingũ(x, y, z). The x-independent component of axial warping is precisely U
(1) (y, z) due to the imposition of the displacement moment constraint (31). The moments of the warping strain can be evaluated using:ẽ =LU (1) (y, z),
whereL is the discrete analogue ofL and is computed using Gaussian quadrature. The termsẽ are required for computing the flexibility matrixẼ (20), and the stress and strain moment correction matrices K s (23) and C s (22), respectively.
Results
In this section we present results using the finite-element approach presented in Section 4, and demonstrate the modeling capabilities of the beam theory. This section is divided into three parts. In the first part we compare the present beam theory results to results obtained by Cowper (1966) for rectangular and hollow cylindrical isotropic sections, and results obtained by Kennedy et al. (2011) for isotropic and layered isotropic sections. In the second part we compare the beam theory to full three-dimensional finiteelement results. In the last part we present a parameter study to explore the behavior of the homogenized stiffness and the strain moment correction matrix C s for an angle-ply laminate. The various cross-sections used here are shown in Figure 3 . Note that some of the same variable names are used to refer to different dimensions for each cross-section. The particular variable definition should be clear from the context. The rectangular sections in Figures 3(a) and 3(b) have the same dimensions but have different material distributions. The three layer isotropic section in Figure 3 (a) is designed to model a sandwich structure. The section has a core fraction r, and the ratio of the Young's modulus of the core to the face sheets is α. The four-layer beam shown in Figure 3(b) is composed of four orthotropic layers oriented at an angles θ 1 through θ 4 with respect to the x axis. The isotropic hollow circular section shown in Figure 3 (c) has outer radius a and inner radius b. The angle section shown in Figure 3(d) is composed of four orthotropic layers oriented at angles θ 1 through θ 4 .
Comparison with results from the literature
In this section we compare results from the beam theory-based finite-element approach presented above with results from the literature for an isotropic rectangular 22 section, the hollow isotropic circular section (Figure 3(c) ) and the three layer section (Figure 3(a) ). (44) and the torsion correction factor kt = J/(Iy + Iz), with finite-element calculations using a 31 × 31 node mesh with 10 × 10 bi-cubic elements for the rectangular section.
For a rectangular section composed of a single orthotropic material, Dharmarajan and McCutchen (1973) obtain a shear correction factors of
where E x , G xz and G xy are the material moduli in the beam axis and ν xz and ν xy are the Poisson ratios. For an isotropic material these formula simplify to Cowper's shear correction factor (Cowper, 1966) :
This factor does not depend on the dimensions of the rectangular section. Table 1 shows a comparison of the shear correction factor obtained from Cowper's formula (44) and finite-element based calculations for a range of Poisson's ratio ν = 0.1, 0.2, 0.3 and 0.4. The finite-element calculations were performed on a 31 × 31 node mesh with 10 × 10 bi-cubic elements. Very good agreement was obtained. The torsion strain correction factor k t for an isotropic section is k t = J/(I y + I z ), where J is the torsional stiffness of the section. Table 1 shows a comparison between the analytic formula obtained from Timoshenko and Goodier (1969) and the torsional strain moment correction, computed using the present approach with the previously described mesh for a range of depth-to-width ratios b/a. 
where m = b/a is the ratio of the inner to the outer radius. The geometry of the hollow section is shown in Figure 3 (c). Table 2 shows a comparison between Cowper's formula (45) and finite-element calculations performed on a 120 × 16 node mesh with 40 × 5 bi-cubic elements.
Three layer beam
Next, we consider a symmetric beam composed of three isotropic layers where the ratio of the Young's modulus of the core to the Young's modulus of the outer layers is α. The Poisson's ratio ν is the same in all layers. Using a plane stress assumption, the authors in previously published work (Kennedy et al., 2011) , obtained an expression for the shear correction factor for beams of this construction as a function of core fraction r, and the ratio α. The shear correction factor in this case is,
where s = (1 − (1 − α)r 2 )/α. The authors (Kennedy et al., 2011) , also derived expressions for the load-dependent axial and moment corrections that are too lengthy to report here.
Finite-element calculations were performed with a rectangular section with a = 1 and b = 5 using a 13 × 61 node mesh with 4 × 20 bi-cubic elements. Table 3 shows a numerical comparison for the case α = 0.1. Exact agreement was obtained for the shear correction factor, and agreement to at least 4 digits was obtained for the stress moment correction. Figure 4 shows a visual comparison between the shear correction factor (46) for the three layer beam, and the finite-element approach for α = 0.5, 0.1, 0.01, and for a range of core ratios r between 0 and 1. Figure 5 shows a visual comparison of the load-dependent moment-correction obtained by the authors (Kennedy et al., 2011 ) and the present finite-element approach. These results are especially interesting because the current approach uses a full threedimensional through-thickness solution, while the authors (Kennedy et al., 2011 ) made a plane stress assumption. The full three-dimensional stress and strain distributions corresponding to shear and pressure loading are not constant in the direction transverse to the x-z plane. However, the additional contributions from the full three-dimensional solution cancel, and the plane stress formula (46) and present approach match.
Comparison with three-dimensional results
In this section we compare the beam theory results with calculations using a full three-dimensional finite-element model for the angle section shown in Figure 3(d) , both for statically determinate and statically indeterminate boundary conditions. The beam under consideration is loaded with distributed surface tractions and end loads that include axial force, torque, bending moments and shear loads.
There are three main objectives in performing this study:
1. To compare the accuracy of the stress and strain reconstruction based on beam theory assumptions to the stress and strain distribution obtained using full threedimensional finite-element calculations. 2. To quantify the errors introduced by neglecting both the strain correction error, e r , and the moments of the residual strain, L s˜ . 25 Table 4 : The representative orthotropic stiffness properties used in the finite-element calculations. The relative stiffnesses are chosen to be representative of a graphite/epoxy composite system.
3. To assess the accuracy of the homogenized stiffness D, the strain correction matrix C s and the load-dependent corrections.
For this study, we use the angle-section geometry shown in Figure 6 , and a constant traction is applied to the beam such that P z = 1, P y = 0. The traction is distributed on the outer surface of the section and is only applied in the z direction with t z = 2/(π(r + b) + 4a) and t y = 0. There is also a non-zero P x force due to the distribution of the traction on the section. The material properties for the beam are listed in Table 4 . The relative magnitudes of the stiffnesses properties are chosen to be representative of a high modulus graphite/epoxy system. Note that the dimensions of the beam are selected to facilitate three-dimensional modeling using finite-elements and are not representative of a physical beam. Using smaller, more realistic ply thicknesses would increase the computational cost of the analysis, as more elements would be required to keep the element aspect ratio 26 within a reasonable range. This test case should be viewed as a convenient model for comparison purposes.
To test different aspects of the present beam theory, we impose two different sets of boundary conditions on the same finite-element model. These two sets of boundary conditions result in two separate finite-element problems, which we denote B1 and B2. The boundary conditions for case B1 are statically determinate. All displacements at the beam root, x = 0, are completely fixed, while the displacements at the tip, x = L, remain free. The boundary conditions for case B2 are statically indeterminate. In this case, the beam root is completely fixed, while at the tip only the axial displacement u = 0 is fixed. For case B2, the axial force and bending moments at the tip are not applied.
To model the beam using three-dimensional finite-elements, we use a mesh with 289× 97 × 25 nodes, where the three dimensions are the x-direction, the direction along the contour of the section, and through the thickness, respectively. This results in a problem with 2 102 475 degrees of freedom. We use 96 × 32 × 8 tri-cubic elements resulting in two elements through the thickness of each ply. This large high-order finite-element model is employed to accurately model the through-section stresses and limit the effect of discretization error. Such a large high-order finite-element problem must be solved by a specialized finite-element code. To solve these beam problems, we use the Toolkit for the Analysis of Composite Structures (TACS) (Kennedy and Martins, 2010) , a parallel finite-element code specially designed for the analysis of composite structures. We solve these beam problems using 48 processors. The total solution time is approximately 10 minutes of wall time corresponding to 8 hours of CPU time.
To model the beam described above using the present beam theory, we employ a fundamental state analysis with a sectional nodal mesh of 97 × 25 nodes along the contour of the section and through the thickness, with a 32×8 bi-cubic element mesh. This problem contains 7 287 degrees of freedom for the section, including nodal degrees of freedom, invariants, and the Lagrange multipliers. For the beam analysis, we use 96, displacementbased, Timoshenko-type cubic elements along the length of the beam. These elements have been modified to use load-dependent strain and stress moment corrections and to accept the non-symmetric stiffness relationship. All beam theory computations, including the determination of the fundamental states and solution of the beam problem, take less than 15 seconds on a desktop computer with a single processor. This is a vast difference in computation effort: the full three-dimensional problem requires approximately 1920 times more computational effort compared to the beam theory calculations. For the angle section described above, the homogenized stiffness matrix D, normalized by the Young's modulus E 1 is, 
Note that the y components of bending κ y and shear e xz are decoupled. This decoupling is due both to the geometry of the section and the layup of the beam. The strain correction matrix C s is, While the stress and strain moment corrections are small in magnitude, ignoring these terms produces measurable errors when the beam theory calculations are compared with finite-element results.
Statically determinate beam
In this section we examine the results from the problem B1. Since this case is statically determinate, the stress moments can be determined from the equilibrium equations (9) alone. Therefore, the results in this section must be interpreted from the point of view of known stress resultants, but unknown strain moments.
First, we examine the accuracy of the stress and strain reconstruction from Equation (11). Instead of plotting the error in each of the 12 components of stress and strain, we use the following quantity to concisely present a single error measure per unit length of the beam:
In the above equation, σ 3D and 3D are the stress and strain solutions from the threedimensional finite-element problem, whileσ 3D and˜ 3D are the differences between the three-dimensional solution and the beam theory reconstruction, and therefore represent approximations of the true stress and strain residuals,σ and˜ , in Equation (11). The quantity ∆SE rel is the strain energy of the difference between the beam theory and the full three-dimensional solution, per unit length of the beam, normalized by the sectional strain energy at the current x position. An error in one component of the stress and strain produces a measurable error in ∆SE rel . As a result, ∆SE rel shows the accuracy of all components of the stress and strain reconstruction. Figure 6 shows ∆SE rel as a function of x-location for the case B1. ∆SE rel is largest at the ends of the beam and decreases rapidly towards the center of the beam. This result demonstrates the high degree of accuracy of the stress and strain reconstruction just a few thicknesses away from the ends of the beam.
Next, we compare the strain moments computed from the full three-dimensional theory to those computed using the beam theory. This study tests how accurately the strain moments can be determined from the known stress moments. The accuracy of the strain moments, in turn, depends on the accuracy of the flexibility matrix E (15) and the load-dependent strain corrections (29). Figure 7 (a) shows a comparison of the e x , κ z and κ y components of the strain moments between the beam theory and three-dimensional finite-element results. The relative error between beam theory and three-dimensional finite-element results for the e x , κ z and κ y components are shown in Figure 7 (b), where each variable is normalized by the maximum absolute value of the corresponding strain moment over the length of the beam. Figure 8 (a) shows a comparison between the e t , e xz and e xy components of the strain moments for the beam theory and three-dimensional finite-element results. between the full three-dimensional finite-element results and the present beam theory, over the middle portion of the beam. The differences near the ends of the beam cannot be predicted without recourse to full three-dimensional calculations.
Moments of the strain residuals. One of the key assumptions in the beam theory presented above is that the moments of the residual strains, L s˜ are small. Here we test this assumption using the full three-dimensional finite-element solution to problem B1. To evaluate L s˜ we first use the beam theory to determine the flexibility matrix E and 29 the strain moment contributions from the externally applied loads:
where P z = 1 is the magnitude of the applied load and L s is the discrete analogue of L s . Based on Equation (16), the discrete analogue of L s˜ can be determined using
where the 3D and σ 3D are the three-dimensional finite-element stress and strain fields respectively. Figure 9 shows the e x , k z and e xz components of L s˜ | 3D normalized by the maximum absolute value of the strain moment component over the domain. The remaining components of the moments of the residual strain exhibit similar behavior. At the edges of the beam the contribution of the moments of the strain residuals are significant, however their influence decreases rapidly away from the ends of the beam. Note that in Figure 9 the oscillations at the center of the beam in the e x and e xz components are due to the finite precision of the finite-element solutions. In these regions, the moments of the strain residuals are essentially zero.
Strain correction error. The strain correction errorẽ r from Equation (25) represents the difference between the actual strain moments and the corrected strain moments. Here, we examine an approximation of the strain correction error obtained from the full threedimensional finite-element solution of problem B1. This case verifies the accuracy of the correction flexibility matrixẼ and the load-dependent strain correction contributioñ Lũ (k) F L terms. Note that no correction is required for the strain moments e x , κ z and κ y , so here we examine the behavior of the components e t , e xz and e xy .
In order to obtain an approximation ofẽ r , we first compute the flexibility correction matrixẼ (20) and the load-dependent strain correctionLU
(1) F L using the present beam theory. Rearranging Equation (25), we obtain,
whereẽ r | 3D is the finite-element approximation ofẽ r . Here, u 03D is the finite-element approximation of the normalized strain moments u 0 (x) and 3D is the finite-element strain distribution. Instead of plottingẽ r | 3D directly, we plot the relative values in Figure 10 , normalized by the maximum absolute value of the strain moment along the length of the beam. The results shown in Figure 10 are similar in many respects to the moments of the strain residuals shown in Figure 9 . The strain correction error is greatest near the ends of the beam and quickly decays towards the middle of the beam. The largest relative error is in the e xy component of the relative strain correction error, however all components fall below 10 −5 over the center portion of the beam. This suggests that it is reasonable to neglectẽ r at a sufficient distance from the ends of the beam.
Statically indeterminate beam
In this section, we examine the results from the statically indeterminate case B2. This case demonstrates the overall capabilities of the beam theory and quantifies theerrors introduced by neglecting both the strain correction errorẽ r , and the moments of the strain residual L s˜ . Figure 11 shows the strain-energy based error measure (47) for the statically indeterminate beam problem. The error measure decreases rapidly away from the ends of the beam, but only falls to between 10 −4 and 10 −5 over the center portion of the beam. Clearly, the beam theory reconstruction and the finite-element results do not match as closely as the statically determinate case B1. This small error in ∆SE rel is due to an error in the prediction of the stress and strain moments due to neglecting the contributionsẽ r and L s˜ . Figure 12 (a) shows a comparison between the beam theory results and the threedimensional finite-element results for the strain moment components e x , κ z and κ y . The results match closely to plotting precision. However, Figure 12(b) shows the relative error between the beam theory and the finite-element results normalized by the maximum absolute value of each component of the strain moment over the length of the beam. This relative error decreases away from the ends of the beam but reaches a constant value over the middle portion of the beam. Figure 13 shows similar behavior for the e t , e xz and e xy components of the strain moments. Based on the previous results for the statically determinate beam that were used to verify the present approach, we can conclude that these errors must be a product of the assumptions that both the moments of the strain residuals and the strain correction error can be neglected. The result of the violation of these assumptions near the end of the beam produces a small but measurable error between the beam theory and the three-dimensional results. The largest relative error occurs for e x and is roughly 2%. Figure 14 shows a comparison of the volumetric strain for the three-dimensional and beam theory solutions at the middle of the beam, x = 25. While there are some small differences between the beam theory and full three-dimensional solution resulting in nonzero ∆SE rel , these differences are not significant from an engineering perspective.
Angle-ply study
Next, we examine the behavior of the homogenized stiffness matrix D, and the strain correction matrix C s for a four ply rectangular beam with a = 4, b = 2, and with an angle-ply layup: [θ, −θ, θ, −θ]. Here we use the material properties listed in Table (4). All calculations below are performed on a 31 × 25 mesh with 10 × 8 bi-cubic elements.
In this case, D has non-zero components along the diagonal and off-diagonal components at D 41 , D 14 , D 62 , D 26 and D 35 . The strain correction matrix C s has non-zero diagonal components with additional off-diagonal components C s41 and C s62 . Figure 15 o , the beam is orthotropic, the matrix C s is diagonal, and the shear correction factors match the formula (43) derived by Dharmarajan and McCutchen (1973) . Figure 18 shows the off-diagonal components of the strain correction matrix C s as a function of θ. The non-zero components C s41 and C s62 represent a coupling between axial strain and torsional strain, and bending about the y-axis and transverse shear. These values are between 0 to 18% of the strain corrections applied to the diagonal components.
Conclusions
In this paper we presented a homogenization-based theory for three-dimensional beams. The theory uses a kinematic description of the beam based on normalized displacement moments. The stress and strain distribution in the beam is approximated based on a linear combination of a hierarchy of axially-invariant stress and strain solutions called the fundamental states. The fundamental state solutions are used to construct a constitutive relationship between moments of stress and moments strain. The fundamental states are also used to determine a strain correction matrix that modifies the strain moments predicted by the normalized displacement moments. For isotropic beams with symmetric cross-sections, the present beam theory takes the form of classical Timoshenko beam theory with additional load-dependent stress and strain corrections. For arbitrary, anisotropic sections, the homogenized stiffness matrix becomes fully populated and all components of the stress resultants are coupled.
In addition, we presented a finite-element based method for the calculation of the fundamental state solutions, and verified this approach with three-dimensional finite-element calculations. We demonstrated excellent agreement between the stress and strain distributions for statically determinate and statically indeterminate problems, achieving extremely high accuracy away from the ends of the beam. For statically determinate problems, the relative error of all strain moment components at the center of the beam was less than 10 −6 , while for the statically indeterminate beam, the maximum relative error was 10 −2 . The larger error for the statically indeterminate case was attributed to the moments of the strain residuals and the strain correction error. Despite this error, the stress and strain reconstruction remains sufficiently accurate for engineering purposes. In addition, the finite-element based beam theory calculations required three orders of magnitude less computational time compared to three-dimensional finite-element computations. These characteristics make the beam theory an attractive approach for accurate through-thickness stress and strain prediction in composite beams. 
